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An on-line procedure is developed that uses estimates of the domi- 
nant eigenvalues of a reactor-exchanger system to detect impending 
unstable operating behavior. In the event reactor stability is threatened, 
changes are made in the reactor’s nominal operating state through a 
procedure that ensures the attainment of an acceptable degree of rela- 
tive stability. The reactor stability assessment is made through estima- 
tion of closed-loop eigenvalues derived from a physically-based dy- 
namic model. The guiding of the reactor to safe and stable conditions is 
carried out through a multiloop control system that receives optimal 
process setpoints found from an interative search. Experiments were 
made on a laboratory autothermal reactor system to assess the corre- 
spondence of the predicted and observed degrees of reactor stability. 
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Introduction 
A fixed-bed autothermal reactor can become less stable over 

time as it experiences changes in the feed concentration, the cat- 
alyst activity, or the feed flowrate. For substantial changes, 
operating conditions must be adjusted in order to continue oper- 
ating safely. This work is concerned with maintaining reactor 
operability in the face of such disturbances. The major concern 
is smoothly guiding the process to setpoints that provide an 
acceptable degree of stability and that are optimal at that 
instant of time. 

Maintaining operability and stability in the face of large pro- 
cess disturbances has always been a concern of engineers in pro- 
cess operations, but the development of strategies has received 
little attention in the literature. van Heerden (1953, 1958) pio- 
neered the steady-state analysis of the autothermal reactor for 
the purposes of design. Orcutt and Lamb (1 960), Baddour et al. 
(1965), and Luss and Amundson (1967) studied the stability of 
the autothermal system and gave insight to the operations prob- 
lems, but did not provide strategies for responding to distur- 
bances. A recent work by Gilles (1986), however, develops a 
strategy for detecting and curbing runaway conditions, but it 
relies on a tracking and analysis of a runaway process variable. 
Several workers have developed means of regulating process 
outputs for relatively small disturbances. Bonvin et al. (1983), 
Wong et al. (1983), and McDermott and Mellichamp (1983) 
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developed methods for stabilizing the autothermal system at  an 
unstable steady-state and McDermott et al. (1984) investigated 
multiloop self-tuning controllers for both stable and unstable 
steady states. 

This work departs from those approaches and extends earlier 
work by Metchis and Foss (1987) that was directed toward 
averting extinction of the autothermal condition. This work 
reports a more general approach than that of Metchis in assess- 
ing the stability of an operating reactor. On-line estimates of 
eigenvalues of a mathematical model of the reactor are the pri- 
mary indicator of the degree of processes stability and are used 
in an optimization procedure that guides the reactor to other 
acceptably safe but still optimal conditions. Similar objectives 
were pursued by Metchis, but the stability index was couched 
instead in terms of a temperature margin, the difference 
between the temperature of the reactant feed and a temperature 
near the blow-off temperature of autothermal reactors. Ste- 
phens and Richards (1 973) used a similar index of reactor sta- 
bility in an investigation of ammonia synthesis converters. In 
those investigations as well as this, operation is held close to the 
blow-off point because of the region’s importance as the eco- 
nomic optimum in commercial ammonia and methanol synthe- 
sis reactors (Baddour e t  al., 1965). Assessment of reactor stabil- 
ity under operation in this region is necessary because process 
disturbances and changes in operating conditions (directed, for 
example, by a process optimizing procedure) can cause the reac- 
tor to slide to extinction or to suffer growing oscillations (Met- 
chis, 1982; Gusciora, 1986). Our major objective is to make such 
an assessment of instability quickly without waiting for the pro- 
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cess to exhibit runaway or oscillatory behavior and to conduct 
the process smoothly to new conditions. 

A graphical description of a system to carry out these proce- 
dures is shown in Figure I .  The eigenvalue estimates determined 
in element 3 of the figure are used in stability constraint func- 
tions (element 4) of an optimization procedure that finds the 
best but acceptably stable process setpoints. A multiloop control 
system in element 1 coordinates the process adjustments. 

There were several major efforts needed to develop this sys- 
tem. The reactor model, from which we sought rapid estimates 
of eigenvalues, had to be a physically-based model because it 
was necessary to determine also the eigenvalue sensitivity to set- 
point changes. Because such models for fixed-bed reactors con- 
sist of several partial differential equations, both numerical and 
physically motivated approximations are needed to render the 
model tractable and practical for on-line use. These reductions 
were accomplished through development of a hybrid Taylor dis- 
persion approximation and several numerical approximation 
techniques. The optimization task is a straight-forward minimi- 
zation of a nonlinear profit function under nonlinear constraints. 
Fortunately no new development was needed here; however, 
implementation was not effortless. The multiloop control system 
was developed as a part of this project to regulate various pro- 
cess variables and to coordinate the movement of others to new 
values. It conveniently implements a wide variety of control 
functions and arithmetic operations. A description of a version 
of this control program has been given by Foss ( 1  987). Finally, 
the laboratory reactor system in element 2 of Figure 1 served to 
test the workability of portions of the full system. 

Fixed-Bed Reactor and Reactor Model 
The laboratory reactor used in this work and its control sys- 

tem is shown in Figure 2. The exothermic reaction between oxy- 
gen and hydrogen occurs on catalyst particles in  two reactor 
beds. The two beds are coupled to an external heat exchanger 
that preheats the feed to ignition temperature. It is this feedback 
of heat that can lead to instability of the reactor. The reactor 
was capable of operating under conditions that exhibited three 
steady states. The high-conversion (high-temperature) steady 
state was the one of interest in this work; it was sometimes sta- 
ble, sometimes unstable. Of the several control system setpoints 
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shown in Figure 2, the two most important are the bed 1 inlet 
temperature ( and the quench flow rate (Quench); these 
two are used by the optimization procedure to guide the reactor 
to stable operating states. A more complete description of the 
experimental apparatus and operating conditions is given by 
Metchis and Foss (1987). 

A finite-dimensional state-space representation of the current 
reactor behavior is needed to obtain the eigenvalues. Locally 
linear models of this type have been used in many investigations 
of reactor dynamics and control (e.g., Michelsen et al., 1973; 
Bonvin et al., 1983); they are of the form: 

dx 
dt 
- = A X  + BU 

In our case, the state vector x consists of temperatures a t  several 
locations throughout the catalyst beds and heat exchanger. The 
eigenvalues of the matrix A are computed online because they 
change with operating conditions as elements of the A matrix 
change with the nominal reactor steady state. 

The derivation of a model of this form from the original mass 
and energy balances has been fully described in the literature 
(e.g., Michelsen et al., 1973; Silva et al., 1979; Metchis and 
Foss, 1987). Central to the development is the use of the orthog- 
onal collocation approximation of the spatial variations of tem- 
peratures and concentrations throughout the reactor. The nor- 
malized mass and energy balances presented in the references 
cited are given here to show their form and content: 
Fluid materiat balance 

v.-- 
az - Yf - R ( K ,  Tp) ;  Yf(O, t )  = y, ( t )  

Fluid energy balance 

+ H w  . [Tw - T-I; Tf(0 ,  t) = Ti"(t) 
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Figure 1. Conceptual diagram of system components used to detect and avoid unstable operating conditions. 
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0, Concentration, sp between the beds and between the exchanger and reactor beds 
were modeled simply as constant gain elements. 

The full reactor-exchanger state-space model consists of 35 
state variables. It was determined early that an A matrix of 
order 35 was far too large to treat online for calculation of eigen- 
values. The excessive size of the state vector arises from the 
appearance of temperature elements for both the catalyst and 
reactor wall in each bed. These temperature state variables 
appear because the model accounts for finite rates of heat 
exchange between the fluid and these stationary thermal 
masses. Those heat interchanges, however, can be modeled in an 
approximate way with a single mean temperature through use of 
the Taylor dispersion approximation (Rosenbrock and Storey, 
1966; Could, 1969). A hybrid of the classical Taylor dispersion 
model was made (Gusciora, 1986; Gusciora and Foss, 1988) 
that transforms the system of first-order partial differential 
equations (Eqs. 2) to a second-order partial differential equa- 
tion of the convected diffusion type in a single mean tempera- 
ture. The number of state variables for each reactor bed is thus 
cut in half. Hybridization involves a direct incorporation of the 
rate of heat loss and heat generation in the Taylor dispersion 
model of a nonreactive bed and the coordinated use of the reac- 
tant balance (Eq. 2a) in evaluating the heat generation rate. 
Part of the approximation procedure involves matching of three 
moments of the impulse response to determine values of three 
empirical coefficients of the hvbrid model, a very rapid calcu- 

.................... 

~. 
lation as described by Gusciora and Foss ( 1  988). In addition, all 
of the state variables for the heat exchanger were discarded 
because frequency response analyses showed it to behave very 

Figure 2. Two-bed autothermal reactor and its regulatory 
control system. 

Particle energy balance 

+ Hp * [T/ - Tpl;  Tp(z, 0) = T P , $ A Z )  

Wall energy balance 

+ He - [ T ,  - TwI; TW(z,O) = T,,,(Z) 

Reaction rate temperature dependence 

R ( K ,  T,) = K . exp ____ (?: 2) 

much like a pure gain relative to the reactor beds. 
Upon application of the collocation approximation to the 

hybrid model, one is led to a total reactor-exchanger system 
model of the form of Eq. 1 having eight to 12 state variables 
(corresponding to one’s choice of four to six state variables for 
each bed). The dominant eigenvalues of a n  eight-state model 
showed a good match with those of the full 35th-order model. 
For convenience in implementing calculations online, the same 
number of collocation points were used in spatially discretizing 
both beds, even though some cases permitted as few as three 
states in the reduced-order model of the first bed. 

The hybrid-TDM developed here achieves the same order of 
reduction as the modal reduction techniques described by Bon- 
vin and Mellichamp (1982) and Litz (1981). However, those 
reduction techniques require calculating eigenvalues and eigen- 
vectors or singular values and principal vectors of the original 
model. As described by Gusciora and Foss (1988), the hybrid- 
TDM requires only the moments of the original model, which 

(2c) 

(2d) 

(3) 

State-space equations of the form of Eq. 1 were derived from 
these by local linearization about a nominal operating state and 
application of the orthogonal collocation approximation (Gus- 
ciora, 1986). For each bed, six internal collocation points and 
both end points were needed. After incorporating the boundary 
conditions associated with the feed stream, there were 14 ordi- 
nary differential equations for each bed, containing seven state 
variables for the catalyst temperatures and seven state variables 
for the reactor wall temperatures throughout the bed. The dou- 
ble-tube heat exchanger was modeled in a similar way using 
four internal collocation points, resulting in seven state variables 
for exchanger wall temperatures when all boundary conditions 
were applied and a noninfluential state removed. The junctions 

can be calculated much more rapidly. The overall computation 
time for the eigenvalues of the two-bed reactor-exchanger sys- 
tem is reduced by a factor of 20-40 for the hybrid-TDM 
scheme, compared to an overall reduction of at most 2-3 for 
modal reduction schemes applied to the individual reactor beds. 

Systems for Optimization and Control 

Optimization functions 
An optimization procedure was used to drive the process 

towards desirable steady states. The objective function of this 
procedure attempts to account for production revenue, energy 
costs, and catalyst deactivation. In  terms of dimensionless vari- 
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ables the objective is: 

Minimize [CostP . ufd . (Yfd - Y2,0ut) 

+ CostE * u, * (TXS,i" - T,) 

+ CostD1 * TI,@,, + CostD2 - T2,a"t] (4) 

where 

CostP = cost of production < 0 

CostE = cost of energy > 0 

CostD = cost of catalyst deactivation > 0 

The first term, the production revenue, accounts for possible 
variation of the total feed flow and conversion. The second term 
accounts for the energy cost, which is proportional to the 
amount that the feed has to be heated above ambient tempera- 
ture by the auxiliary heaters. The third term accounts for cata- 
lyst deactivation and reverse reaction. The deactivation term is 
included to simulate the deactivation that occurs in industrially 
important systems, even though the decline of catalyst activity 
was slow here. The assumption is that high bed temperatures 
cause deactivation, and the highest bed temperature occurs a t  or 
near the bed outlet, thus motivating the use of that temperature 
in the objective function. To simulate the effect of a reversible 
reaction on the production rate, we add more weight to the high 
temperatures in the beds by increasing CostD, thus keeping the 
objective simple. 

This cost function is simplistic, but a more complicated 
expression would obscure the main thrust of this work. The main 
effect is to drive the process towards the lowest possible bed-1 
inlet temperature, near the blowoff point, which is believed by 
some authors to correspond to the economically optimum oper- 
ating point. The objective function is dimensionless, but the 
solution depends on the ratio and not the absolute value of the 
cost coefficients. 

and 
Quench subject to process constraints and stability constraints. 
The first set of process constraints are simply upper and lower 
bounds for each setpoint or optimization decision variable: 

The minimum of this function is found by varying 

Quench - Quench, z 0 (6a) 

-Quench + Quench, z 0 (6b) 

Two constraints limit the maximum allowable temperature in 
the beds: 

One further process constraint limits the maximum amount of 
unconverted reactant: 

This effectively forces the system to the upper, high-conversion 
steady state. 

To these process constraints are added the stability con- 
straints, which, in our approach, constrain the closed-loop sys- 
tem eigenvalues to the left of an arbitrary contour in the com- 
plex plane. We use a piece-wise linear contour like that of Figure 
3.  This contour can be constructed from the intersection of the 
two simpler allowable regions shown in Figure 4. The simple 
regions are parameterized by two constants qr and {. The damp- 
ing factor { is defined by analogy with second-order systems. 
Figure 4 shows that the complex plane is divided by lines of con- 
stant damping factor (which intersect a t  q, on the real axis. For 
complete analogy with second-order systems q, would be identi- 
cally zero, but in this work setting q, nonzero allows the flexibil- 
ity to compensate for a certain amount of plant-model mis- 
match. For additional flexibility to accommodate modeling 
error, two constraints, parameterized by two (q,, () pairs, are 
applied to each closed-loop and, if desired, each open-loop eigen- 
value. Thus the allowable region is the intersection of two 
simpler regions. Alternatively, the forbidden region is the union 
of two simpler forbidden regions. Inclusion of constraints on the 
open-loop eigenvalues in addition to the closed-loop eigenvalues 
would be recommended if one is concerned about reactor system 
stability upon failure of the control system. 

Algebraically, the allowable region is bounded by the point- 
normal equation of the lines with damping factor { passing 
through the point q:  

Here the complex plane is a Euclidean two-space:.z = (z,,  zi)'. 
Figure 4 shows the geometric interpretation of these equations. 
The left side of relation 9a is positive for points z on the accept- 
able side of the constraint. The normal p of the constraint 
boundary is a function of both the damping factor {, and the 
position of the point z above or below the real axis. 

The allowable regions and the eigenvalues of the model are 
symmetric with respect to the real axis. Because of symmetry, 
the constraints corresponding to eigenvalues with negative 
imaginary parts are redundant. If they are eliminated in order to 
reduce the total number of constraints, problems can occur as 

Figure 3. Typical e igenvalue constraints. 
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Figure 4. Geometric interpretation of eigenvalue con- 
straint relation: p T  . [ z  - q ]  2 0. 

the numerical optimization proceeds. If two real eigenvalues 
should collide and split off to form two complex-conjugate 
eigenvalues, the number of constraints would be reduced by one. 
Conversely, if two complex-conjugate eigenvalues should co- 
alesce on the real axis and split off into two real eigenvalues, the 
number of constraints would be increased by one. Currently 
available optimization software cannot handle changing num- 
bers of constraints but can handle redundant constraints fairly 
well. 

Another possibility for reducing the number of optimization 
equations is to constrain only the dominant eigenvalue, say the 
rightmost one having the most positive real part. Unfortunately, 
the selection of an eigenvalue from the set results in a constraint 
that does not have a continuous first derivative. Currently avail- 
able optimization packages have difficulty with functions that 
do not have continuous first derivatives. For these reasons, all of 
the eigenvalue constraints are presented to the optimization rou- 
tine. Thus, when the constraints for the 13 closed-loop eigen- 
values are appended to the process bounds, there are 7 + 
2( 13) = 33 total constraints, since there are two linear segments 
defining the stability boundary. If the constraints for the 12 
open-loop eigenvalues are included also, the total number of 
constraints would increase by 2( 12) to 57. 

Derivatives of optimization functions 
Most efficient numerical optimization techniques require de- 

rivatives of the objective function and constraint functions. 
Because Eqs. 4-9 depend on the calculated output of the model 
and cannot be differentiated analytically, the derivatives were 
computed by finite difference. The constraint and objective 
functions are evaluated a t  the current values of and Quench 
and then at  conditions where T,,in and Quench are perturbed 
slightly. Although Eqs. 5-6 can be differentiated analytically, it 
was simpler to include them in the general case. 

The computation of the derivatives of the eigenvalues ap- 
pearing in equation 9a is not so straightforward. The eigenvalue 
subroutines return a vector containing the set of eigenvalues {A] 
of the matrix A ,  with no guaranteed order in the set. Small 
changes in the elements of the A matrix can produce large 
changes in the ordering of the eigenvalues, even though they 
produce small changes in the eigenvalues themselves. This diffi- 
culty was overcome by pairing the closest eigenvalues in each 
set. The L,  (Frobenius or sum of absolute values) norm was used 
to compute distance as it is more rapidly computed than the L, 
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(Euclidian or square root of sum of squares) norm and avoids 
problems with floating-point underflow. The computation of the 
paired finite-difference takes much less time than the computa- 
tion of the base-case and perturbed eigenvalues. An alternative 
procedure for computing derivatives of eigenvalues based on an 
analytical expression was found to require greater precision in 
the eigenvectors, eigenrows, and the finite-difference approxi- 
mation to the derivative of the A matrix than was available from 
single-precision arithmetic. 

Optimization algorithm 
Powell’s (1978a,b) augmented Lagrangian method, also 

known as SQP (sequential quadratic programming) (Luenberg- 
er, 1983), was chosen as the nonlinear optimization method to 
solve Eqs. 4-9 for the two optimum setpoints and Quench. 
This method was chosen because it has strong global conver- 
gence properties and retains some information about the local 
nonlinear behavior of the functions so as to minimize the num- 
ber of function evaluations. Most importantly, the method is 
included in several program libraries. The greatest problems in 
converting the code to single precision on our process minicom- 
puter lay with the underlying Q P  (quadratic programming) and 
phase-1 LP (Linear Programming) code, which did not seem to 
be structured to handle redundant constraints generated by the 
eigenvalue constraints. 

The optimization is carried out by a program that computes 
in turn: the steady-state profiles, reduced-order linear model, 
eigenvalues, perturbed steady-state profiles, perturbed eigen- 
values, constraints, and derivatives. It is iterated until the opti- 
mization subroutine returns new and Quench setpoints for 
the regulatory control system. 

Regulatory control system 
The multiloop regulatory control system shown in Figure 2 

consists of a structure of cascaded PI (proportional-integral) 
loops and is similar to that used by Metchis and Foss (1987). 
Controlling the inlet temperature is divided among two sections: 
short-term and long-term. A short-term T,,,, control is accom- 
plished by manipulating the setpoint to a rapid bypass-flow con- 
trol loop. The cascade isolates the temperature control loop from 
pressure disturbances and valve nonlinearity. Long-term T,,,, 
control is provided by a slow temperature controller cascaded 
onto either the startup-heater temperature controller or the aux- 
iliary-heater temperature controller. 

The bypass flow rate is driven to its nominal value by a very 
slow controller which sums onto the setpoint of the startup- 
heater or auxiliary-heater controller. This configuration is sub- 
stantially different from Metchis’ “parasitic” nominal-bypass 
controller and was considerably easier to tune. The inlet-tem- 
perature setpoint passes through a ramp (or velocity) filter 
which limits the rate of change of T,.,”. The quench-flow-rate 
setpoint also passes through a ramp filter before introduction 
into a rapid regulatory loop. The ramp (or velocity) filters were 
easier to tune than Metchis’ first-order setpoint filters. The feed 
concentration is regulated by manipulating oxygen flow rate. 
This control loop is required by the construction of the labora- 
tory process and has no industrial analogue. The feed-flow con- 
trol loop was used during calibration. 

All of the control loops use digital single-variable PI control 
algorithms. A table-driven on-line control program was used in 
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controlling the process and greatly aided the testing and opera- 
tion of the process and the regulatory control structure. The con- 
trol loops were tuned using a combination of theoretical analy- 
sis, step testing, and heuristic adjustment, starting from settings 
inherited from Metchis (1982, 1987) and Lappinga (1984a, b). 

Experimental Tests 

Test of modelJidelity 

instability of the process was difficult to demonstrate with 
our experimental apparatus. Further, the laboratory process 
proved to be more stable than the approximate model. Metchis 
(1 982, 1987) noted this fact in his work with the same process. 
Stephens and Richards ( 1  973) also noted that the ammonia syn- 
thesis converter they studied was more stable than their model 
predicted. 

Nevertheless, oscillations with very small damping were ob- 
served in the controlled process. Figure 5 shows oscillations in 
the temperatures that were induced by a feed concentration 
pulse. The operating conditions were similar to those reported 
by Metchis and Foss (1987); differences may be found in Gus- 
ciora ( 1  986). It is observed that the mean of the oscillations of 
bed 2 outlet temperature falls below the initial steady-state val- 
ue, and the amount of heat available to sustain the process falls 
as well. The controller responds by reducing the bypass flow 
rate to keep at  its setpoint. It was thought that the T,,in con- 
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Figure 5. Experimentally observed damped oscillations 

in the controlled reactor induced by a negative 
pulse in feed concentration. 

troller was responsible for the decay in the magnitude of the 
oscillations. The T,,,# stabilizing controller gains were reduced 
by a factor of 10 at  89 minutes and further reduced by a factor 
of 10 at  106 minutes in an attempt to stabilize the process a t  a 
limit cycle. This reduced the magnitude of the control effort on 
the bypass flow, but the magnitude of the oscillations decreased 
and the process seemed to be headed toward extinction. A slow 
downward drift of the feed hydrogen flow rate by about 9% 
probably caused the process to decay. 

The steady-state parameter estimation procedure used by 
Metchis (1982, 1987) was used to arrive at  estimates of the 
reaction rate constants K for each bed. These are critical param- 
eters, and care was taken to insure the accuracy of steady-state 
temperature-profile predictions when these parameters were 
used in the model. The calculated eigenvalues were sensitive to 
the parameters and the measurement accuracy, but no more so 
than the steady-state model predictions. 

Figure 6 shows the eigenvalues of the linearized process 
model for these conditions. This figure takes advantage of the 
symmetry of the eigenvalues with respect to the real axis by pre- 
senting only the top half plane. Note that three calculated open- 
loop eigenvalues, labeled 01 and 0 2 ,  are in the right-half plane, 
indicating an unstable process. It seems that the T,, , ,  controller 
stabilizes the system somewhat by moving the eigenvalues 
toward the left. The two complex closed-loop eigenvalues, 
labeled C1, are closer to the real axis, but still in the right-half 
plane. The process real eigenvalue (02)  has split with the con- 

x 0 3  
c3 t 

I I x Open Loop pole 

t Closed Loop pole 

1 .o 

P 

Figure 6. Locations of dominant model eigenvalues and 
experimentally observed system pole under 
conditions of Figure 5. 
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troller integrator pole to form two complex closed-loop eigen- 
values, labeled C2, that are just to the left of the imaginary 
axis. 

Figure 6 also shows a complex pole P corresponding to the 
experimentally observed oscillations in Figure 5. The oscillation 
has a 30-minute period and a 0.8 damping ratio. Using the refer- 
ence time tref = 170 s, this translates to the pole labeled P at  
(-0.02 0.62i) with a damping factor { = 0.035. This pole is 
closest to the left-half-plane eigenvalue C2 at  (-0.045 t 0.30i), 
and suggests that the right-half-plane eigenvalue C1 at  
(0.24 f 2.0i) is the result of modeling error. 

Neglected thermal dynamics at  the interbed joints is the most 
likely source of modeling error. An expanded view of the oscilla- 
tions shows that there is eleven minutes of lag between the bed 2 
outlet temperature and the bed 1 inlet temperature but less than 
one minute of lag between the inlet of the heat exchanger and 
the outlet of the heat exchanger (Gusciora, 1986). This confirms 
the validity of treating the heat exchanger as a pure gain but 
reveals the error in modeling the junctions similarly. Although 
larger systems should have proportionally smaller interunit ca- 
pacitances, neglecting dynamics of pipes connecting process 
units has caused significant error in physically-based models of 
industrial pilot plants (Leonard, 1986). Since the variation of 
the joint dynamics with respect to inlet temperature or quench 
flow rate is much smaller than the variation of the reactor bed 
dynamics, the derivatives of the eigenvalues with respect to the 
process setpoints should not be greatly affected by this modeling 
oversight. 

We argue here that eigenvalue C2 of Figure 5 is the authentic 
dominant eigenvalue that demands constraint during operations 
and that eigenvalue C1 is merely an artifact of modeling error. 
The right-half-plane closed-loop eigenvalue C1 results from pos- 
itive feedback around the reactor beds by the heat exchanger. If 
the pure gains of the heat exchanger and the joints are replaced 
by first-order lags, the feedback around the reactor beds at  high 
frequencies will be attenuated, and the eigenvalue will move 
toward the left (more stable) and to smaller imaginary parts 
(longer period). The left-half-plane closed-loop eigenvalue C2 
results from both positive feedback around the beds by the heat 
exchanger and negative feedback around the heat exchanger by 
the PI controller. If the pure gains are replaced by first-order 
lags, the feed-back a t  high frequencies will be attenuated, and 
the predicted controller performance will deteriorate. The net 
result is that the open-loop eigenvalue 01 a t  (0.8 t 0.Oi) will 
move to the left, and the closed-loop eigenvalue C2 will move 
toward the imaginary axis. If this is the case, the closed-loop 
eigenvalue a t  C1 is an artifact of approximating the joint 
dynamics by pure gains in the model. We conclude from this 
that the model eigenvalue C2 is the important eigenvalue for 
closed-loop stability. 

Optimization tests 
Several tests of the optimization procedure were made to 

determine its computational workability, its response to chang- 
ing feed concentration, and its sensitivity to some of the cost 
coefficients and constraint parameters. The optimization prob- 
lem consists of finding values of and Quench flow rate (i.e., 
the two control system setpoints) that minimize the objective 
function (Eq. 4) subject to the 33 constraints previously 
described. Since the minimization algorithm is iterative, a 
sequence of the ( Quench) coordinates are produced, and 

the particular trajectory traversed in any one case will depend 
on the parameters used in the objective and constraint func- 
tions. 

The cost weighting factors in the objective function (Eq. 4) 
were set to reflect the usual competition between production 
rate and the deleterious effects of high bed temperatures. 
Energy costs were not considered significant. Because tempera- 
tures are higher in bed 2, the weights there were set equal to or 
larger than those of bed 1 .  Values of the catalyst deactivation 
cost CostD2 were set to 1 and 2 in the two cases discussed here. 
The value of CostD 1 was set a t  1. These compare with the pro- 
duction rate cost CostP = - 1. 

Parameters for the stability contour were chosen so that the 
important eigenvalue near C2 of Figure 6 would be constrained, 
but the eigenvalue near C1 (the artifact resulting from modeling 
error) would not be constrained. Figure 7 shows a typical con- 
tour. The need to fashion a contour of such shape illustrates the 
value of designing a stability criterion incorporating multiple 
segments. 

Bounds on the setpoint variables T,,in and Quench were set to 
reflect the maximum and minimum values achievable by allow- 
able variations in both bypass and quench flow rates. The high 
and low values were selected wide enough (400 K and 350 
K)  such that they were not expected to become active. The high 
and low bounds on Quench were set a t  3 L/min and 1 L/min 
and were expected to become active. The upper bounds on bed 
outlet temperatures were set high to preclude those constraints 
becoming active because of our interest in observing the effect of 

Real Axis 

Figure 7. Orientation of the stability constraint relative to 
the estimated closed-loop eigenvalue locations 
before and after a reduction in feed concentra- 
tion from 1.3% to 1.13%. CostD2 = 2. 
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those temperatures on the optimizing trajectory through their 
influence in the objective function. Finally, the upper bound on 
the effluent reactant concentration was set a t  0.03 (dimension- 
less) to insure that the minimization procedure kept reactor con- 
ditions in the region of the high-conversion steady state. 

With these parameters, we can observe how the system guides 
the reactor from an unstable state to a new state that is stable 
and optimum. The unstable condition in this example is brought 
on by a decrease in feed concentration from 1.3% to 1.13%. The 
situation regarding the two optimization variables and the reac- 
tor stability just before and immediately after the concentration 
decrease is shown in Figures 7 and 8. The starting state is a con- 
strained optimum state (determined by application of the algo- 
rithm) a t  which the Quench rate and dominant closed-loop 
eigenvalue reside at  constraints. Just after the feed concentra- 
tion decrease, the dominant eigenvalue C2 finds itself in the for- 
bidden region, as indicated in Figure 7. The optimization proce- 
dure proceeds to direct the reactor's two setpoints to the new 
optimum state A of Figure 8 by moving along the upper bound 
of Quench flow and forcing the dominant closed-loop eigenvalue 
to the stability boundary. The bold line in Figure 7 shows the 
movement of the eigenvalue, and the sequence of iterations to 
the optimum is shown by the arrows in Figure 8. The move to the 
new constrained optimum required only three evaluations of the 
objective and constraint functions. Only the final setpoint values 
are sent to the regulatory controllers. 

In the case just described, a large weight (CostD2 = 2) was 
placed on bed 2 temperature. If that weight is reduced to that of 
the bed 1 temperature (i.e., CostD2 = CostDl = l) ,  we find 
that another optimum state ( B  of Figure 8) is attained at  which 
the dominant closed-loop eigenvalue is just on the stability con- 
tour but the Quench flow rate now resides a t  its lower bound. 
The uniform weighting of bed 2 and bed 1 temperatures may be 
the most appropriate when temperatures in the beds are nearly 
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Figure 8. Optimization paths in the T,.,"-Quench plane 
upon decreases in feed concentrations from 
1.3% to 1.13%. 
The square and diamond symbols represent iterations and the 
arrows show the transitions between them. 

the same, as they are a t  the lower feed concentration. Four func- 
tion evaluations were needed to arrive at this state. The large 
excursion of Quench flow between high and low limits results 
from the linear weighting of bed temperatures used to reflect the 
cost of catalyst deactivation. If nonlinear weighting were added 
corresponding, for example, to an exponential dependence of 
deactivation on temperature, the optimization could terminate 
a t  an intermediate value of the Quench rate. 

There is some insight to be gained about the optimal solutions 
by examination of the gradients of the objective and constraint 
functions at  the optimum. For optimum state A, these are shown 
in Figure 9. The gradients of the two active constraints straddle 
the gradient of the objective, as they must when two constraints 
are active a t  a two-dimensional minimum. If only one constraint 
is active, the objective and constraint gradients would be paral- 
lel. If no constraints are active in an engineering problem of this 
type, one should be suspicious of the outcome. For the case at  
hand (i.e., CostD2 = 2), the reduction in concentration results 
in no substantial shift in the relative orientation of these gra- 
dient vectors. There is thus no change in the identity of the con- 
straints active before and after the optimization. A change of 
the deactivation factor CostD2 from 2 to 1, however, results in 
an interchange in the orientation of the objective and eigenvalue 
gradient vectors, which leads to the large excursion in Quench 
rate to its low bound as shown in Figure 8. 

Further investigation of the gradients (Gusciora, 1986) found 
the first and second dominant eigenvalues to have nearly paral- 
lel gradients; it was thus not appropriate to force two eigenvalue 
constraints to be active at  the optimum. Near parallelism was 
sometimes found between the gradients of the dominant eigen- 
value and the outlet concentration constraint. This suggests that 
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Figure 9. Gradients of objective and important constraint 
functions at the optimum for 1.13% feed con- 
centration. CostD2 = 2. 
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if these two are always nearly parallel, online eigenvalue calcu- 
lation might be replaced by a carefully placed outlet concentra- 
tion constraint. A further important observation found that the 
eigenvalue gradient vectors were substantially the same whether 
or not the T,,in controller was in or out of operation. This sug- 
gests that for autothermal processes, the most important feed- 
back loop is established by the process design decision to incor- 
porate a feed-product heat exchanger. 

Computational details 
The first step of the optimization calculation typically took 

about 200 seconds, starting from poor guesses of bed profiles 
and moment matching factors in the hybrid-TDM. Subsequent 
iterations typically took less time because the profiles from the 
previous iterations were used as a first guess. In all cases, the 
optimization subroutine consumed less than 10% of the total 
time per iteration. lncluded in the total is the 90 seconds 
required to calculate six sets of eigenvalues of the reduced-order 
model, a substantial reduction from the 1,320 seconds required 
to calculate six sets of eigenvalues of the full 35th-order model. 
Some cases where only four collocation points were used in the 
reduced-order reactor model required only 36 seconds for eigen- 
value calculation. These results were obtained with a 1975-vin- 
tage process computer that is ten times slower than an IBM-XT 
with a floating-point coprocessor. The optimization program 
consisted of 10,000 lines of FORTRAN code, used single-preci- 
sion arithmetic, and required overlays to fit into the available 64 
K words of memory. 

Usually the optimization converged in three to four function 
evaluations (steady states, eigenvalues, constraints, derivatives) 
but sometimes did not converge from all starting points. It 
tended to make larger moves than necessary and sometimes ter- 
minated in a line-search step, especially on the first iteration. 
This might be corrected by presetting the second derivative of 
the Lagrangian, but an expedient used here was to restart the 
optimization from the first step of the line-search algorithm. 

Concluding Remarks 
The need to protect autothermal reactors from being thrust 

into an unstable state under abnormal operating conditions has 
been a major focus of this work. Our approach has been to use a 
dynamic model of the reactor-exchanger system to obtain a 
rapid real-time assessment of process stability. It is the domi- 
nant eigenvalue of the reactor-exchanger system model that was 
used for this purpose. Such an approach has the potential of 
uncovering and correcting an untenable operating state before it 
becomes apparent in observable variables. In contrast, other 
methods (e.g., Gilles, 1986) rely on tracking and analysis of the 
temporal behavior of reactor variables before an assessment of 
instability can be made. 

It is essential that one incorporate flexible and adjustable cri- 
teria for stability assessment in any procedure that incorporates 
a process model. Modeling inaccuracies, both intended and 
unintended, can result in virtually unanalyzable effects on sta- 
bility measures such as eigenvalues. Such effects were antic- 
ipated here through our use of a translatable and segmental con- 
tour to define acceptable regions for the process eigenvalues. 
The translation and “kinking” of the contour was guided in this 
work by experimental observation of process response relative to 
the predictions of the model. 

Even with such flexibility incorporated, one is still challenged 
to develop a reactor model of reasonable fidelity, yet simple 
enough to be incorporated efficiently in on-line calculations. 
That challenge is considerable in this application because of the 
need to represent the dynamic characteristics of a distributed 
nonlinear process over a range of operating conditions, that is, 
over a range of setpoints. The modeling technique used here was 
physically based, and through use of the Taylor dispersion 
approximation (also physically based) an acceptable model was 
developed. The time required to accomplish this, however, was 
much too long. More efficient methods of modeling for these 
types of applications still need to be developed. 

The method employed here to guide the reactor out of an 
unstable condition to one of stability has been embedded in an 
optimization procedure. Indeed, the adjustments made in the 
process setpoints derive from an iterative constrained minimiza- 
tion of an objective function reflecting a process profitability. 
Among the numerous constraints imposed are the conditions 
that each of the system eigenvalues lie to the left of the seg- 
mented contour in the complex plane, the stability constraints. 
These and several constraints on process variables were readily 
incorporated in a standard optimization module. 

The use of a modular approach in this and earlier work (Met- 
chis and Foss, 1987) on problems of this complexity is seen to be 
practicable in both system development and operations. The 
need to fully confirm the functioning of the several components 
of such systems indeed makes modularity a practical necessity. 
Further, the use of modules, such as the dynamic reactor model, 
its Taylor dispersion approximation, the multiloop control sys- 
tem, and the optimization procedure of this work, makes the 
entire project accessible to a team of experts. In view of the 
growing sophistication of the methods now being used in such 
systems, team work is essential. 

Notation 
A ,  B, C,  D = matrices of a linear state-space model 

Cost(i) = weighing coefficients in objective function, Eq. 4 
Ersf = activation energy parameter normalized by the refer- 

ence temperature 
He,  Hp,  H ,  = heat exchange parameters: reactor wall vs. environ- 

ment, reactant vs. catalyst particles, and reactant vs. 
reactor wall 

K = normalized reaction rate constant 
p = normal vector of eigenvalue constraint 
q = vector defining real intercept of constraint contour 

t = time normalized by nominal thermal transit time 
Quench = quench flow rate 

T,, Tp, R,, T, = normalized temperatures of fluid, catalyst particles, 

Tref = reference temperature normalized by nominal adia- 
reactor wall, and environment 

batic temperature rise 
u = input vector in state-space model 
v = normalized volumetric reactant flow rate 
x = state vector in linear state-space model 
y = output vector in state-space model 
Y, = reactant concentration normalized by nominal feed 

concentration 
z = reactor axial coordinate normalized by bed length 
z = vector in the complex plane 

Greek letters 
6 = normalized thermal-wave transit time 
y = particle/wall heat-capacity ratio 
X = eigenvalue of matrix A 
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Subscripts 
e = environment 
f = fluid 

i = imaginary part of a complex number 

p = catalyst particle 
r = real part of a complex number 

ss = steady state 
w = wall 

xs = exchanger shell-side stream 

HI,  LO = upper and lower bounds 

in, out = flows entering or leaving 

1.2 = bed 1 o r 2  
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